In this paper, we motivate and define Φ-energy density, Φ-energy, Φ-harmonic maps and stable Φ-harmonic maps. Whereas harmonic maps or p-harmonic maps can be viewed as critical points of the integral of σ 1 of a pull-back tensor, Φ-harmonic maps can be viewed as critical points of the integral of σ 2 of a pull-back tensor. By an extrinsic average variational method in the calculus of variations (cf. [13, 38, 37, 14]), we derive the average second variation formulas for Φ-energy functional, express them in orthogonal notation in terms of the differential matrix, and find Φ-superstrongly unstable (Φ-SSU) manifolds. We prove, in particular that every compact Φ-SSU manifold must be Φ-strongly unstable (Φ-SU), i.e., (a) A compact Φ-SSU manifold cannot be the target of any nonconstant stable Φ-harmonic maps from any manifold, (b) The homotopic class of any map from any manifold into a compact Φ-SSU manifold contains elements of arbitrarily small Φ-energy, (c) A compact Φ-SSU manifold cannot be the domain of any nonconstant stable Φ-harmonic map into any manifold, and (d) The homotopic class of any map from a compact Φ-SSU manifold into any manifold contains elements of arbitrarily small Φ-energy (cf. Theorem 1.1(a), (b), (c), and (d).) We also provide many examples of Φ-SSU manifolds, and establish a link of Φ-SSU manifold to p-SSU manifold and topology. The extrinsic average variational method in the calculus of variations that we have employed is in contrast to an average method in PDE that we applied in [5] to obtain sharp growth estimates for warping functions in multiply warped product manifolds.
Introduction
Symmetric 2-covariant tensor fields α on a Riemannian manifold M of dimension m such as the Riemannian metric of M, the Ricci tensor of M, a second fundamental form (for a given direction) of an immersion of M , the pull back metric tensor u * h on M from a smooth map u : (M, g) → (N, h) , F -stress energy tensor of u (where F : [0, ∞) → [0, ∞) is a C 2 strictly increasing function with F (0) = 0, cf. [7] ), etc are of fundamental importance. At any fixed point x 0 ∈ M , α has the eigenvalues λ relative to the metric g of M; i.e., the m real roots of the equation det(g ij λ−α ij ) = 0 where g ij = g(e i , e j ), α ij = α(e i , e j ) , and {e 1 , · · · e m } is a basis for T x 0 (M) . The algebraic invariants -the k-th elementary symmetric function of the eigenvalues of α at x 0 , denoted by σ k (α x 0 ), 1 ≤ k ≤ m frequently have geometric meaning of the manifold M or the map u on M with analytic, topological and physical impacts. For example, if we take α to be the Ricci tensor of M , then σ 1 (α) is the scalar curvature of M and is a central theme of Yamabi problem ( [32, 1, 26, 15] ) and conformal geometry (e.g. [3] , [6] ). If we take α to be the above second fundamental form, then σ 1 (α) and σ m (α) are the mean curvature and the Gauss-Kronecker curvature (for that given direction) respectively. In the study of prescribed curvature problems in PDE, the existence of closed starshaped hypersurfaces of prescribed mean curvature in Euclidean space was proved by A.E. Treibergs and S.W. Wei [33] , solving a problem of F. Almgren and S.T. Yau [41] . While the case of prescribed Guass-Kronecker curvature was studied by V.I. Oliker [25] and P. Delanoë [4] , the case of prescribed k-th mean curvature, in particular the intermediate cases, 2 ≤ k ≤ m − 1 were treated by L. Caffarelli, L. Nirenberg and J. Spruck [2] .
On the other hand, from the viewpont of geometric mapping theory, the energy density e(u) of u, the p-energy density e p (u) of u and the F -energy density e F (u) of u are 1 2 σ 1 (α) , 1 p σ 1 (α) p 2
and F • σ 1 (α) respectively, where α is u * h , 1 ≤ p < ∞, and F is the function as above.
In this paper, we define Φ-energy density e Φ (u) of u to be a quarter of the second symmetric function σ 2 of α , given by du(e i ), du(e j ) 2 .
Here {e 1 , · · · e m } is a local orthonormal frame field on M , and du is the differential of u . Just as the energy E(u) , the p-energy E p (u) and the F -energy E F (u) of u are the integrals of the energy density e(u) of u , the p-energy density e p (u) of u and the F -energy density e F (u) of u respectively over the source manifold M with the volume element dx, so we define the Φ-energy E Φ (u) of u to be
Similarly, just as u is said to be harmonic, p-harmonic, and F -harmonic if it is a critical point of the energy functional E(u) , the p-energy functional E p (u) and the F -energy functional E F (u) of u respectively with respect to any smooth, compactly supported variation of u, so we make the following.
Definition 1.1. A smooth map u is said to be Φ-harmonic if it is a critical point of the Φ-energy functional E Φ with respect to any smooth compactly supported variation of u , stable Φ-harmonic or simply Φstable if u is a local minimum of E Φ (u) , and Φ-unstable if u is not Φ-stable.
We apply an extrinsic average variational method in the calculus of variations ( [36] ) and find a large class of manifolds of positive Ricci curvature that enjoy rich properties, and introduce the notions of superstrongly unstable (SSU) manifolds and p-superstrongly unstable (p-SSU) manifolds ( [38, 37, 34] ). Definition 1.2. A Riemannian manifold N with its Riemannian metric , N is said to be superstrongly unstable (SSU) , if there exists an isometric immersion of N in (R q , · R q ) with its second fundamental form B, such that for every unit tangent vector x to N at every point y ∈ N, the following symmetric linear operator Q N y is negative definite. In this paper we show that the extrinsic average variational method in the calculus of variations employed in the study of harmonic maps, p-harmonic maps, F -harmonic maps and Yang-Mills fields can be extended to the study of Φ-harmonic maps. In fact, we find a large class of manifolds with rich properties, Φ-superstrongly unstable (Φ-SSU) manifolds, establish their links to p-SSU manifolds and topology, and apply the theory of p-harmonic maps, minimal varieties and Yang-Mills fields to study such manifolds. With the same notations as above, we introduce the following notions: Definition 1.3. A Riemannian n-manifold N is said to be Φ-supersrongly unstable (Φ-SSU) if there exists an isometric immersion of N in R q with its second fundamental form B such that, for all unit tangent vectors x to N at every point y ∈ N, the following functional is always negativevalued:
1 +· · ·+x 2 n } , the standard n-sphere S n , for n > 4, certain minimal submanifolds in ellipsoids and in convex hypersurfaces, etc. (cf. Section 7.) Furthermore, we prove, in particular, The cases (1) N is S n , n ≥ 5 and (2) N is a minimal submanifold in the unit sphere with Ric N ≥ 3 4 n satisfying properties (a) and (c) are due to S. Kawai and N. Nakauchi (cf. [17, 18] ). These are analogs of the following: S n , n > 2 is not the domain of any nonconstant stable harmonic maps into any Riemannian manifold due to Xin ([40] ), S n , n > 2 is not the target of any nonconstant stable harmonic maps from any Riemannian manifold due to Leung [22] and Wei [34] , and a minimal k-submanifold N in the unit sphere with Ric N > (1 − 1 p )k, p < k is neither the domain nor the target of any nonconstant stable pharmonic maps (cf. [38] ).
For brevity we call such a manifold with properties (a), (b), (c) and (d), Φ-strongly unstable (Φ-SU). That is,
if it is neither the domain nor the target of any nonconstant smooth Φ-stable harmonic map, and the homotopic class of maps from or into N contains a map of arbitrarily small energy.
This leads to the study of the identity map on a Riemannian manifold. In particular, if N is Φ-SU, then the identity map of N is Φunstable. For convenience, we make the following
and obtain the following results.
What seems to be remarkable is that the above results (A) ⇒ (B) ⇒ (C) go the other way around on certain compact homogeneous spaces and are in sharp contrast to p-harmonic maps where there are gap phenomena that dash the hope for (C) ⇒ (B) ⇒ (A) (cf. [37] ). Theorem 9.1 Let N = G/H be a compact irreducible homogeneous space of dimension n with first eigenvalues λ 1 and scalar curvature Scal N . Set the following properties (A) through (D):
3n Scal N . Then the following holds:
Furthermore, we establish a link of Φ-SSU manifold to p-SSU manifold and topology: Theorem 6.1 Every Φ-SSU manifold is p-SSU for any 2 ≤ p ≤ 4 and every compact Φ-SSU manifold is 4-connected, i.e. π 1 (N) = · · · = π 4 (N) = 0. Theorem 7.2 (Sphere Theorem) Every compact Φ-SSU manifold with dimension n < 10 is homeomorphic to the n-sphere S n .
The extrinsic average variational method in the calculus of variations is in contrast to an average method in PDE that we applied in [5] to obtain sharp growth estimates for warping functions in multiply warped product manifolds.
Fundamentals of Φ-harmonic Maps
Let u : M → N be a smooth map between compact Riemannian manifolds of dimension m and n respectively, T * M be the cotangent bundle of M , and T N be the tangent bundle of N . We denote
the pull-back bundle, that is the vector bundle over M induced by u from the tangent bundle π : T N → N . Then the differential du of u is a differentiable 1-form with values in the pull-back bundle
To simplify the notation, let Y, Z = Y, Z N for all vector fields Y and Z on N , and ∇ u be the pull-back connection. Choose a compactly supported oneparameter C 2 family of C 1 maps Ψ(·, t) = u t (·), −ε < t < ε such that Ψ(·, 0) = u 0 (·) = u(·) and dut dt t=0
= v is C 1 and a two-parameter C 1 variations Ψ(·, s, t) = u s,t , −ε < s, t < ε such that .
We shall denote the pull-back connection by ∇ ψ from Ψ.
where {e 1 , · · · , e m } is a local orthonormal frame field on M, and V = dΨ( ∂ ∂t ). Proof. Since the Lie bracket [ ∂ ∂t , e i ] = 0 ,
Since for every f ∈ C ∞ (M) ,
at a point in M , (1.1), (2.1) and (2.2) imply that
∇ Ψ e i dΨ(e i ), dΨ(e j ) dΨ(e j ) .
integrating both sides of (2.3) and applying the divergence theorem, we obtain the desired.
∇ u e i du(e i ), du(e j ) du(e j ) dx. ∇ u e i du(e i ), du(e j ) du(e j ) = 0.
where R N is the curvature tensor of N, and R(x, y)y, x denotes the sectional curvature of the plane spanned by {x, y} .
Proof. By (2.1),
This via (2.2) implies
dΨ(e i ), dΨ(e j ) dΨ(e j ) .
In view of (2.1) and (2.8) we have
∂s∂t e Φ (u s,t ) dx , integrating both sides of (2.9) and using the divergence theorem, we obtain the desired.
As an immediate consequence, we obtain the following.
Proof. This follows at once from Proposition 2.2.
Corollary 2.6. Suppose either for each fixed x 0 ∈ M, the curve Ψ(x 0 , t) is a constant speed geodesic in N or u is a Φ-harmonic map with compactly supported V (x, 0) in the interior of M. Then (2.12)
In particular,
du(e i ), du(e j ) du(e j ) dx.
Remark 2.1. The case u is Φ-harmonic, (2.13) is due to Kawai and Nakauchi [17] .
Proof. Set W = V and s = t in Proposition 2.2. Then the term
vanishes because by the assumption, either the curves are constant speed geodesics in which ∇ u ∂ ∂t V ≡ 0, or u is a Φ-harmonic map, by the first variational formula the whole term is zero . This proves (2.12). Setting t = 0 and Ψ(·, 0) = u(·) , in (2.12), we prove (2.13).
Proof. This follows at once from Corollaries 2.2 and 2.4.
An Average variational method Part I: Average second variation formulas for Φ-energy
We assume M (resp. N) is isometrically immersed in the Euclidean space R q . Let ∇ be the standard flat connection on R q , ∇ (resp. ∇ N ) the Riemannian connection on M (resp. N) and B (resp. B) the second fundamental form of M (resp. N) in R q . These are related by
is a smooth section of T ⊥ M (resp. T ⊥ N), then the Weingarten map A η X (resp. A ζ X ) and the connection ∇ ⊥ X η (resp. ∇ N ⊥ X ζ ) in the normal bundle are defined by
The tensors A and B (resp. A and B) are related by
For each x ∈ M, let e m+1 , · · · , e q be an orthonormal basis for the nor-
Then the Guass curvature equation implies
Using this in the definition of Q M yields (3.7)
Similarly, for each y ∈ N, let e n+1 , · · · , e q be an orthonormal basis for the normal space T ⊥ N y to N at y. Define the Ricci tensor Ric N : T y (N) → T y (N), and selfadjoint linear map Q N y : T y N → T y N analogously and yields
Let v, v ⊤ , v ⊥ denote a unit vector in R q the tangential projection of v onto N, and the normal projection of v onto N respectively. We can choose an adopted orthonormal basis
Theorem 3.1. (An average variation formula for Φ-energy on the target of u which is not necessarily Φ-harmonic )
Then apply Corollary 2.5 to
In view of (3.9), we have the first integrand in (3.10)
The second integrand in (3.10), via (3.9)
The third integrand in (3.10)
Since
we have the forth integrand in (3.10)
By the Gauss equation, i.e. for every vector field X, Y, Z, W on N
Substituting (3.11),(3.12),(3.13),(3.14) and (3.15) into (3.10), we obtain the desired (3.8) .
, · · · , e q } to be normal to M, and ∇ Ψ e i = 0 at a point in M. We have Theorem 3.2. (An average variation formula for Φ-energy on the domain of a Φ-harmonic map u )
where Q M is as in (3.7).
As
In view of (3.18) and (3.19) , we have the first integrand in (3.17)
du e i , du(e j ) du(e j ) .
Analogous to (3.19) for each 1 ≤ ℓ ≤ q ,
, du(e i ) = 0 . By (3.18) and (3.21) the second integrand in (3.17)
By (3.18) and (3.21) the third integrand in (3.17)
By the Weitzenböck formula for 1-form [EL, Proposition 1.34, p.13]
where △ is the Hodge Laplacian given by △ = −(d * d + dd * ) in which d is the exterior differential operator, d * is the codifferental operator, and d * du = − m i=1 (∇ u e i du)(e i ) . By (3.24), the forth integrand in (3.17) ∇ e k du(e i ), du(e j ) du(e i ), ∇ e k du(e j ) .
Since u is Φ-harmonic, applying d(du) = 0 , and Corollary 2.2, we have 
Average variational method Part II: Φ-SSU and Φ-SU manifolds
In this section, using the technique in [38] , we write the average variation formulas in orthogonal notation in terms of the differential matrix (u iα ) of u. This enables us to make estimates on the variation formulas from which we find Φ-SSU manifolds. Applying an average method, we prove that Φ-SSU manifolds are Φ-SU; i.e., Theorem 1.1(a), (b), (c), and (d) hold. Proof of Lemma 4.1. Denote (u iα ) 1 ≤ i ≤ m, 1 ≤ α ≤ n the differential matrix of u : M → N relative to local orthonormal bases {e 1 , · · · , e m } in M and {e 1 , · · · , e n } in N. That is,
Let (u iα ) T be the transpose of (u iα ) . Then the product matrix (u iα ) T · (u iα ) is an n × n symmetric matrix with the α , β entry over the field of real numbers given by
Without ambiguity, we use the same notations for local orthonormal bases {e 1 , · · · , e m } in M and {e 1 , · · · , e n } in N so that the product matrix is diagonalizable. That is,
for some C α ≥ 0 . Then by (4.4) and (1.1) we have . Let C i be as in (4.13) . Then (4.11)
Proof of Lemma 4.2. In the following, we consider the product matrix (u iα ) · (u iα ) T to be an m × m symmetric matrix with the i, j entry over the field of real numbers given by n α=1 u iα u jα . Without ambiguity, we use the same notations for local orthonormal bases {e 1 , · · · , e m } in M and {e 1 , · · · , e n } in N so that the product matrix is diagonalizable. That is,
Then by (4.2) and (1.1), we have In view of (4.16), (3.3) and (4.13), we have Proof of Theorem 1.1 (a) and Theorem 1.1 (c). If u is not constant, then by (4.5) (resp.(4.14)), there exists 1 ≤ α ≤ n (resp. 1 ≤ i ≤ m and a domain D ⊂ N (resp. D ⊂ M), over which C α > 0 (resp. C i > 0) . 
By the algebraic average method, (4.22) implies that there exists a number ℓ , 1 ≤ ℓ ≤ q such that
This means that there exists a vector field v ⊤ ℓ = e ℓ (resp. v ⊤ ℓ = e ℓ ) for some 1 ≤ ℓ ≤ q, along which the variation That is, u, not necessarily Φ-harmonic is not a nonconstant Φ-stable map resp. u is not a nonconstant Φ-stable map . Proof. Let T y N be the space of the unit tangent vectors to N at the point y ∈ N. Since N is Φ-SSU and T y N is compact, by (1.5), there exists κ > 0 such that for every y ∈ N and every x ∈ T y N ,
It follows from (4.1), (1.5), (4.6) and (4.23) that
(4.24)
We now proceed in steps.
Step 1. There is a number ξ ≥ 4κ > 0 such that for 1 ≤ ℓ ≤ q, |t| ≤ 1 and all X, Y ∈ Γ(T N),
Proof. Let SN be the unit sphere bundle of N. Then the function defined on the compact set [−1, 1] × SN × SN by
is continuous and thus has a maximum. Let ξ 0 be this maximum and ξ = max{ 3κ m , ξ 0 }. Then (4.25) follows by homogeneity.
Step 2. There is a smooth vector field V on N such that if ξ is as in Step 1, then we have
Proof. From (4.24) it is seen that
Then (4.27) and (4.28) hold. From (4.25), we have (4.31)
du(e i ), du(e j ) 2 dx = mξΦ(u).
So (4.29) is right.
Step 3. Let ζ = 3κ mξ (ζ ≤ 1, as 3κ m ≤ ξ), ρ = 1 − κζ 2 2 , and V be as in Step 2. Then 0 < ρ < 1 and As both Φ(ζ) and Φ(u) are positive this inequality implies ρ is positive.
Then u 1 is homotopic to u and we have just shown Φ(u 1 ) ≤ ρΦ(u).
From
Step 1, Step 2 and Step 3, we know this lemma is right.
Proof of Theorem 1.1 (b). Let u : M → N be any smooth map from M to N. By using Lemma 4.3, we can find a map u 1 : M → N which is homotopic to f with Φ(u 1 ) ≤ ρΦ(u). Another application of the lemma gives an u 2 homotopic to u 1 with Φ(u 2 ) ≤ ρΦ(u 1 ) ≤ ρ 2 Φ(u). By induction, there is u ℓ (ℓ = 1, 2, · · · ) homotopic to u with Φ(u l ) ≤ ρ l Φ(u). But 0 < ρ < 1 whence lim ℓ→∞ Φ(u ℓ ) = 0 as required. Proof. This follows at once from Theorem 1.1(b) by choosing M = N and the smooth map to be the identity map on N . 
Thus, if u : M → N be any smooth map, its composition with ψ ℓ : 
.
Proof. This follows by using the same method in proving theorem 3.3 in [38] or simplifying (1.5).
Corollary 5.1. The graph of f (x) = x 2 1 +· · ·+x 2 n , x = (x 1 , . . . , x n ) ∈ R n is Φ-SSU if and only if n > 4. 
Proof. (i) and (ii) follow from Theorem 5.1, and Theorem 3.3 in [38] , which states that a Euclidean hypersurface of dimension n is p-SSU if and only if its principal curvatures satisfy 0 < λ 1 ≤ λ 2 ≤ · · · ≤ λ n < 1 p−1 (λ 1 + · · · + λ n−1 ). Combining (i) and (ii), we prove (iii).
Theorem 5.2. Let N be a compact convex hypersurface of R q and N be a compact connected minimal k-submanifold of N. Assuming that the principal curvatures λ i of N satisfy 0 < λ 1 ≤ · · · ≤ λ q−1 . If Ric N (x), x > 3 4 kλ 2 q−1 for any unit tangent vector x to N, then N is Φ-SSU.
Proof. By assumption, N is a submanifold of R q . From Gauss equation, we have
where B, B 1 , and B denote the second fundamental form of N in R q , N in N , and N in R q respectively, and ν denotes the unit normal field of N in R q . Since N is a minimal submanifold of N , we have
is a local orthonormal frame on N such that B(e i , e j ) = λ i δ ij .
It follows from Gauss equation, (5.1), (5.2) , and curvature assumption that for any unit tangent vector x to N,
Lemma 5.1. ( [29, 39] ) Let E q−1 be the ellipsoid given by (5. 3)
is a family of principal curvatures of E q−1 in R q satisfying 0 < λ 1 ≤ · · · ≤ λ q−1 . Then we have
Theorem 5.4. Let N be a compact k-submanifold of the unit sphere S q−1 in R q , k > 4, and Let B 1 be the second fundamental form of N in S q−1 . If
Proof. From (5.1) (in which N = S q−1 ) and Cauchy-Schwarz inequality, for any unit tangent vector x to N, we have
So we obtain that N is Φ-SSU.
6. Φ-SSU manifolds, p-SSU manifolds, and Topology Theorem 6.1. (i) Every Φ-SSU manifold N is p-SSU for any 2 ≤ p ≤ 4 (ii) Every compact Φ-SSU manifold N is 4-connected, i.e. π 1 (N) = · · · = π 4 (N) = 0.
Proof. (i) From (1.5), we have As an immediate application of Theorem 6.1, we make the following 
The dimension of Φ-SSU manifolds
Now we recall a theorem in [38] states that the dimension of any p-SSU manifold N is greater than p , p ≥ 2. Analogously, we have Theorem 7.1. The dimension of any compact Φ-SSU manifolds N is greater than 4.
First Proof: Following the idea in [38] by using a maximum principle, we assume |B(x, x)| 2 = max y∈ TyN |B(y, y)| 2 for a fixed point y ∈ N,
where T y N is the set of all unit tangent vectors to N at the point y. for all y ∈ T y N such that x, y N = 0. Substituting y = e i into (7.1) and summing over i from 2 to n, we have
Since N is Φ-SSU, we have, via (1.5)
Adding both sides of (7.2) and (7.3), we have 0 > (4 − n)|B(x, x)| 2 + 6 n i=2 |B(x, e i )| 2 , (7.4) so we have n > 4.
Second Proof: If n ≤ 4 , then N is not an 4-SSU manifold, and hence not a Φ-SSU manifold by Theorem 6.1. This completes the proof by showing that if the dimension of a compact Φ-SSU manifold N is less than or equal to 4, then N is not a Φ-SSU manifold.
Remark 7.1. Theorem 7.1 is sharp, as S n is not Φ-SSU for n ≤ 4 and is Φ-SSU for n > 4 . Theorem 7.2 (Sphere Theorem). Every compact Φ-SSU manifold N of dimension n < 10 is homeomorphic to an n-sphere.
Proof. In view of Theorem 6.1, N is 4-connected. By the Hurewicz isomorphism theorem, the 4-connectedness of N implies homology groups H 1 (N) = · · · = H 4 (N) = 0. It follows from Proincare Duality Theorem and the Hurewicz Isomorphism Theorem ( [28] ) again, H n−4 (N) = · · · = H n−1 (N) = 0, H n (N) = 0 , n < 10 and N is (n − 1)-connected. Hence N is a homotopy n-sphere, n < 10. Since N is Φ-SSU, n ≥ 5 by Theorem 7.1. Consequently, a homotopy n-sphere N for n ≥ 5 is homeomorphic to an n-sphere by a Theorem of Smale ([27] ).
The identity map
The identity map on every Riemannian manifold M is p-harmonic for 1 < p < ∞ (cf. [37, Proposition 4.1, p.652]), and is Φ-harmonic by Corollary 2.3. Just as we study p-stability, p-index and p-nullity of the identity map, so do we explore Φ-stability, Φ-index and Φ-nullity of the identity map. We discuss their parallelisms in this section, following the framework and ideas in [37] .
The E Φ -Hessian of the identity map Id on Γ(Id −1 T M) is defined by
Write the associated quadratic form 
In view of (2.2) and the definition of curvature tensor R, we have ( ∇ e i v, e j + e i , ∇ e j v )( ∇ e i v, e j + e i , ∇ e j v )
∇ e i v, e j ∇ e j v, e i . Proof. Since the vector field v on M is conformal if and only if L v g = − 2 m (div v)g, |L v g| 2 = 4 m (div v) 2 (cf. e.g. [37] ). It follows from the equa-
Substituting this into (8.9), we have
If v is nonisometric conformal, we have div v = 0 and H Φ Id (v, v) < 0. The last assertion for 1 < p < m is a result in [37, p.656] .
Corollary 8.1. Every compact homogenous space of dimension m > 4 can be given a metric for which Id M is Φ-unstable.
Proof. Given a one-parameter group of isometries {u t } for the metric on M, one can construct a new metric under which {u t } is only conformal (cf. [19] , p. 310). Proof. Proceed as in [37] , if (f, λ) is an eigenpair with λ < 4 3m Scal M , then by (8.6) , v = (df ) ♯ is a vector field satisfying which is a contradiction.
We conclude that v = (df ) ♯ ; Indeed, by (8.15) ϕ Φ (df ) ♯ < 0. Since d(−∆f ) = d(λf ), by adding a suitable constant, we have −∆f = λf . In conclusion the set on which ϕ is negative is generated by the differentials of eigenfunctions λ of −∆ with positive eigenvalues λ < It follows from Corollary 5.4 that M 1 = (M, λ 1 m g 0 ) is Φ-SSU. Since the metric change from λ 1 m g 0 to g 0 does not change the sign of (1.5) and hence by Definition 1.3 preserves (M, g 0 ) to be Φ-SSU. We conclude that (A) ⇒ (D) . It follows from Theorem 1.1.(a), (b), (c), (d) that (D) ⇒ (C) . That (C) ⇒ (B) is obvious.
Since a compact irreducible homogeous space M is an Einstein manifold, (B) ⇒ (A) follows from Proposition 8.1 .
